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In this paper we prove the following result which was conjectured by P. Borwein and M. 
Edelstein. 
If two finite disjoint sets R (red) and B (blue) of points span Em+” (m 2 1, n 2 l), then there 
is either a monochromatic red m-flat or a monochromatic blue n-flat. 
1. Introduction 
Motzkin [l] proved the following theorem. If two finite disjoint sets of points in 
the real projective plane are not on a common line, then there is a line spanned 
by one set and no point of the other set belongs to it. Such a line is called 
monochromatic and monochromatic k-flat can be defined similarly. 
Borwein [2] proved a generalization of Motzkin’s theorem: If two finite disjoint 
sets R and B of points span E", then there is either a monochromatic red line or a 
monochromatic blue hyperplane. Later on, he and Edelstein [3] posed the 
following conjecture denoted by RB(m, n): If two finite disjoint sets R and B of 
points span Em+", then there is either a monochromatic red m-flat or a 
monochromatic blue n-flat. Another conjecture posed by Baston and Bostock [4] 
is the particular case RB(n, n). 
The conjecture RB(m, n) can be written in other equivalent forms. 
RB(m, n)*. If two finite disjoint sets R and B of points span E" (n 2 2), then 
there is a monochromatic red k-flat or a monochromatic blue (n - k)-flat, for all 
k, l<k<n-1. 
RB(m,n)**. If two finite disjoints sets R and B of points span E", and if the 
highest dimension of all the monochromatic red (resp. blue) flats is denoted by 
D(R) (resp. D(B)), then D(R)+D(B)an - 1. 
It is easy to prove the following generalization using RB(m, n)**. If finite 
disjoint sets A1,AZ,...,A, span E" (n ?=m), then 
2 WA.1 , an-m+l. 
j=l 
This inequality is the best possible. Consider the example with two points in one 
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set but only one point in every other sets. These m + 1 points span Em, hence 
CD(Aj)=l=m-m+l. 
In this paper we prove the conjecture RB(m, n). Since Motzkin proved 
RB(1, l), and Borwein proved RR(m, 1) and RB(1, n), we may suppose that 
RB(m - 1, n) and RB(m, II - 1) are true. These are our induction hypotheses. 
In what follows, the closed line segment between points x and y is denoted by 
S(x, y), and the line through x and y is denoted by xy. The relative interior of a 
convex set C is denoted by ri C. If all the vertices of a simplex belong to set R, we 
call it a red simplex; if, in addition, no point of B belongs to this simplex, we call 
it a monochromatic red simplex. 
2. Some lemmas 
Lemma 2.1. If two finite disjoint sets R and B of points span Em+“, and there is 
neither a monochromatic red m-flat, nor a monochromatic blue n-flat, then there is 
either 
(a) a monochromatic red m-simplex and a monochromatic blue (n - l)- 
simplex, or 
(b) a monochromatic red (m - 1)-simplex and a monochromatic blue n- 
simplex. 
Moreover, in both cases the union of the two simplices under consideration spans 
m+n E . 
Proof. By the induction hypothesis, there is a monochromatic red (m - 1)-flat 
and a monochromatic blue (n - 1)-flat, and thus a monochromatic red (m - l)- 
simplex S and a monochromatic blue (n - 1)-simplex T. The union of S and T 
spans a flat G. If the dimension of G is less than m + n - 1, we can choose a point 
x of R or B which is not in G but nearest to G instead of one vertex of S or T, 
such that the union of the new simplices spans a flat of one dimension higher. 
Continue this process until the union of the monochromatic red (m - 1)-simplex 
S* and the monochromatic blue (n - 1)-simplex T* spans a (m + n - 1)-flat G*. 
Considering a point y of R or B which is not in G* but nearest to G*, the lemma 
follows. 0 
Lemma 2.2. If two finite disjoint sets R and B of points span Em+“, and there is 
neither a monochromatic red m-flat, nor a monochromatic blue n-flat, then there is 
a direction in Em+“, such that 
(a) no line parallel to this direction is contained in any hyperplane spanned by 
points of R and B, and 
(b) there is a line parallel to this direction intersecting both simplices considered 
in case (a) or (b) of Lemma 2.1. 
Proof. This lemma can be proved by a dimension argument. 0 
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3. Proof of RB(m, n) 
Let two finite disjoint sets R and B of points span Em+” (m 3 2, it 3 2) and 
assume that there is neither a monochromatic red m-flat, nor a monochromatic 
blue n-flat. The direction presented in Lemma 2.2 is called the vertical direction. 
Consider the vertical distance between two simplices considered in case (a) or (b) 
of Lemma 2.1. To this end, we suppose that the shortest vertical distance is 
attained by the two simplices considered in case (a). (In fact, another case can be 
proved by the same argument.) Thus, there is a monochromatic red m-simplex S, 
and a monochromatic blue (n - 1)-simplex T,, and points x1 E S,, y, E T,, such 
that D1 = S(x,, yl) is the shortest vertical distance. According to the selection of 
the vertical direction, we have that x1 E ri S,, y1 E ri TI. Moreover, the point x1 is 
the unique point of S, that can be projected vertically onto T,, since the union of 
S, and TI spans Em+“. 
If Pi is the m-flat spanned by S,, then there is a point b1 E B which belongs to 
PI but outside S,, for no monochromatic red m-flat exists. The convex hull of TI 
and bi is a blue n-simplex T:, which spans an n-flat Q,. The vertical projection 
of line blxl onto Q1 is the line bI y,, and there is no other point of P1 that can be 
projected vertically onto Qi. Since x1 E ri S, and bI is in P1 but outside S,, there is 
a point xr E S(bI, x1) which belongs to an (m - l)-face of S,. The vertical 
projection of xf onto Q, belongs to S(bI, yl), and therefore belongs to T:. 
According to the selection of S, and T,, T: is not monochromatic. So, there is a 
point rl E R which belongs to Tr . 
The convex hull of S, and r, is a red (m + 1)-simplex SF which spans an 
(m + l)-flat P2. TI spans an (n - l)-flat Q,. The set of points of Pz which can be 
projected vertically onto Q, forms a line Lz. The unique common point of L2 and 
S, is x1 E ri S,. Hence there is a unique common point x2 of L2 and another m-face 
S, of SF. Denoting the vertices of S, and TI by rli (i = 0, 1, . . . , m) and by b, 
(j = 0, 1, . . . , n - 1) respectively, we have 
bl = 2 lirli, 2 li = 1; 
i=O 
n-l 
rl =@I+ 2 Pjb,, l>p>O,pj>O, p+CPj=l; 
j=O 
x2 = qrl + 2 qi’li9 1 > 4 > 0, qi B 0, 4 + C qi = 1. 
i=O 
Hence 
n-1 
x2 = C Wjb, + 2 (qpk + qi)rlt 
j=O i=O 
Since x2 can be projected vertically onto Q2 and the points C (pi/l -p)b, 
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belongs to T,, the point 
of PI can be projected vertically onto Q2 also, therefore it is n,. Hence the 
vertical projection of x2 onto Q2 belongs to Tl. It is obvious that the union of S, 
and Tl spans Em+” and x2 E ri &. According to the selection of S, and T,, S, is not 
monochromatic. 
From all the red m-simplices which have these properties of S,, we select a 
simplex S, such that the vertical distance between S, and Tl is shortest possible. If 
b3 is a common point of S, and B, and if the vertical distance between S, and Tl is 
4, then D3< D1. 
The convex hull of Tl and b3 is a blue n-simplex TT which spans an n-flat Q3. 
The set of points of PI which can be projected vertically onto Q3 forms a line L3, 
which contains x1. Since x1 E ri S,, the intersection of L3 and S, is a closed line 
segment with x1 in its relative interior. The vertical projection of this line segment 
onto Q3, which is denoted by S(yi), is a closed line segment with y, in its relative 
interior. Since y, E xi Tl and since no other point of Tl belongs to S(yi), S(y,) 
must meet ri T;. There are two cases: 
(1) One of the end point of S(yi) belongs to ri T:. In this case the vertical 
distance between T; and an (m - 1)-face of S, is less than D,. 
(2) S(y,) intersects another (n - 1)-face of Tz. Then the vertical distance 
between S, and this (n - 1)-face is less than D,. 
According to the selection of S, and T,, Tz is not monochromatic. Denote by r, 
one common point of TT and R. 
Let r, and S, play the roles of r, and S,, and in a similar way as above we can 
prove that there is a red m-simplex S, such that the vertical distance between Tl 
and S, is less than D3. From this we obtain a contradiction no matter whether S, is 
monochromatic or not. 
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